
T
his month’s
column deals with
volumes of prisms
and regular anti-
prisms and was

inspired by some interesting
results I found in Blackwell’s
Geometry and Architecture. I
highly recommend this book to
anyone who teaches geometry
because it contains a wealth of
interesting applications of what
is currently taught in a plane
geometry course.What caught
my eye were some results
about prisms that could be used
as a nice supplement to material
that appears in many current
geometry textbooks.The results
have to do with the total
surface area of a prism and its
exposed surface area, which is
the area of the sides plus the
area of the top.The latter is of
architectural interest because if
you were building a structure in
the shape of a prism, the base
would not be exposed to the
elements.The former makes
sense if you were thinking of an
interior space such as a room. In
what follows, remember that a
regular prism is one in which all
the edges are equal and all the
lateral faces are squares. Here is
what Blackwell has to say about
which of the regular prisms is
the most efficient in the sense
that for a given volume the
surface area is a minimum.
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“Of the regular prisms, the
pentagonal prism (not the cube)
offers the best volume enclosure
when the total surface area is
important. The octagonal prism is
the most efficient when the exposed
surface area, the walls and the roof
but not the floor is important.”1

Verifying this is a fun exercise. First,
you have to come up with formula for
S, the length of a side of the prism, as a
function of the volume V and the
number of sides n. Since the area of an
n-sided regular polygon with side S is 

,

the volume V of the prism is given by 

V = .

Solving for S gives

S = .

The total surface area, TSA, equals
twice the area of the base plus n times
S2 and the exposed surface area, ESA,
equals the base area plus n times S2

which gives you the formulas

TSA = + nS2.

and

ESA = + nS2.

Since we are interested in what
happens as we vary n and hold V
fixed, a spreadsheet is handy here. The
table below was created using Excel
and shows what happens to TSA and
ESA for a fixed volume of 1000 when
you vary the number of sides n in the
polygonal bases.

TABLE 1. TOTAL SURFACE AREA AND

EXPOSED SURFACE AREA FOR REGULAR

N-GONAL PRISMS WITH A VOLUME OF

1000 CUBIC UNITS.
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Polygon Side Total
3 13.2180125 675.456243
4 9.9999958 599.999735
5 8.3454581 587.884669
6 7.2741551 592.426015
7 6.50441696 603.635443
8 5.91649684 618.077351
9 5.44871782 634.255565
10 5.06537823 651.417814
11 4.74410237 669.147643
12 4.47002828 687.198296
13 4.23283552 705.416163
14 4.02509976 723.702088
15 3.84132415 741.990364
16 3.67734017 760.236652

Polygon Exposed Lateral
3 599.801904 524.147565
4 499.99969 399.999646
5 468.059011 348.233354
6 454.953005 317.479994
7 449.893761 296.152079
8 449.058415 280.039479
9 450.726149 267.196733
10 453.99919 256.580566
11 458.359612 247.571581
12 463.486065 239.773834
13 469.167909 232.919655
14 475.26104 226.819993
15 481.663466 221.336569
16 488.300972 216.365292
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Just as Blackwell stated, the total
surface area, TSA, is a minimum of
587.88 square units when n is 5 and the
exposed surface area, ESA, is a
minimum of 449.06 square units when
n is 8.

FIGURE 1. TWO REGULAR PRISMS WITH THE

SAME VOLUME. A PENTAGONAL REGULAR

PRISM WITH MINIMUM TOTAL SURFACE

AREA AND AN OCTAGONAL ONE WITH

MINIMUM EXPOSED SURFACE AREA

Later in the same chapter, Blackwell
states a more general result about
prisms:

“In all but the regular prisms,
height is a variable. The unique
prisms are those in which the
height is proportional to the base so
as to minimize the surface area.

The shape of the base may be a
rectangle of any proportion, a
regular or irregular polygon, or any
enclosed shape, but when the area
of the walls is four times the area of
the base, the total surface required
to enclose a volume will be the least
possible. The shape will be at its
most efficient proportion in terms
of volume enclosure.

When only the exposed surface is
important, the area of the roof and
the walls but not the floor, a similar
relationship holds. The exposed
surface of any prism will be
minimal when the area of the walls
is twice the area of the floor.”2

TABLE 2. SPREADSHEET ANALYSIS FOR FINDING THE HEIGHT OF A SQUARE PRISM WITH A

FIXED VOLUME THAT GIVES MINIMUM TSA AND ESA.

TABLE 3. SPREADSHEET ANALYSIS FOR FINDING THE HEIGHT OF AN OCTAGONAL PRISM

WITH A FIXED VOLUME THAT GIVES MINIMUM TSA AND ESA.

In order to verify this you need to
come up with another set of formulas.
You need to get S the length of a side
of the base as a function of h the
height, n the number of sides and the
fixed volume. If V is the fixed volume
and S is the length of a side, then

V = .

Solving for S yields

S = .

Using this you get the following
formulas for TSA and ESA:

TSA = + nhS

ESA = + nhS.

Table 2 is an Excel spreadsheet that
uses these formulas with a V of 1000
and an n of 4. 

The last two lines show that the
exposed surface area approaches a
minimum when h is close to 6.3, and
the ratio of the area of the base to the
area of the walls approaches 2:1 and
that the total surface area approaches a
minimum when h is close to 10.01 and
the ratio of base to walls is close to 4:1.
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This turns out to be true regardless of
the number of sides. Table 3 shows
what you get if the bases are octagons.

Here the exposed surface area
approaches a minimum when h is close
to 6.71 and the ratio of the area of the
base to the area of the walls is close to
2:1, and the total surface area
approaches a minimum when h is 
close to 10.65, and the ratio of the area
of the base to the area of the walls is
close to 4:1.

Regular Anti-Prisms

Although anti-prisms are mentioned in
most textbooks, few give formulas for
their volume. In searching the Web for
a formula I found the following
slightly complicated but elegant way
of calculating the volume of a regular
anti-prism. It can be found at
http://home.att.net/~numericana/
answer/polyhedra.htm#antiprism and
most of the calculations that follow are
the work of Dr. Murali, V.R.D. The
basic idea behind the method is that a
regular n-gonal anti-prism can be
constructed from a 2n-sided regular
prism by truncating 2n pyramids from
the prism.  For example, an 8-sided
regular prism can be truncated to form
a regular square anti-prism as shown
in Figure 2. The volume of the anti-
prism can be found by calculating the
volume of the 2n-gonal prism and
subtracting from it 2n times the
volume of one of the truncated
pyramids.

Since we want to find the volume of an
anti-prism given the length of a side,
we need to find s, the length of an edge
of the 2n-gonal base of the prism and h,
the height of the prism. For example,
suppose we want to find the volume of
a square anti-prism such as the one in
Figure 3. You would start knowing the
length of U1U2, an edge of the anti-
prism and would need to calculate 

U1U2, the length of an edge of the
prism and U2L2 the height of the
prism. Note that the triangular faces of
a regular anti-prism are equilateral.

FIGURE 2. PARTIALLY TRUNCATED

OCTAGONAL PRISM.

FIGURE 3. AN OCTAGONAL PRISM WITH

OUTLINES OF PYRAMIDS TO BE TRUNCATED.

Figure 4 shows in more detail one of
the octagonal bases of the octagonal
prism. In what follows we will refer 

to this diagram in a general sense. 
For example, in the general case 

!U1OU2 = = , while if n = 4 

!U1OU2 would equal 45°.

1. Finding the edge length of the 
2n-gon base

The first thing you need to figure out is
what the edge length would be for the
2n-gon if the inscribed n-gon has edges
of length a. In Figure 4 one of the bases
of the 2n-sided figure is shown along
with the inscribed n-gon. If U1U2 = a, 
!U1OU2 = and !U2U1P = 

!HOU2 = then

U1P = 

U1U2 = 

U2P = tan

OH = .

Therefore, if the inscribed n-gon has
edge length a, the circumscribed 2n-gon

has edge length equal to . 

Using the above, you can now show that

area(2n-gon) = (2n) (U1U2)(OH)

= n

= 

= .

2. Finding the height of the 2n-gonal
prism

In order to get the volume of the 
2n-gonal prism, you now need to
figure out its height. To do this, we’ll
use one of the truncated pyramids as
shown in Figure 5.
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FIGURE 4.
THE BASE OF AN OCTAGONAL PRISM.



FIGURE 5. ONE OF THE TRUNCATED

PYRAMIDS.

To find the height h note that since
L2PU2 is a right triangle and !U1L2U3
is equilateral, you have 

U2L2 = a,

and therefore

h = 

= 

= .

3. Finding the volume of the 2n-gonal
prism

volume(2n-gonal prism) = 
area(2n-gon) * h

= 

= 

4. Finding the volume of the truncated
pyramids

Next, you need to find the volume of
one of the truncated pyramids. In

Figure 5, U1U2U3L1 is a pyramid with
height U2L1, and base !U1U2U3. In
!U1U2U3, U2P is the altitude to side
U1U3 and therefore has area is equal to

area(!U1U2U3) = (U1U3)(U2P)

= 

= .

This pyramid has height h so its
volume is 
volume(truncated pyramid) = 

= .

Since there are 2n of these pyramids,
the volume of the anti-prism is

volume = 

= 

This somewhat daunting formula
simplifies nicely as follows. Working
out the details is a good exercise and
uses some fundamental trigonometric
identities. If you let t = tan , then

volume = .

An even simpler version of this
formula can be found by using 

h = .

In this case the volume of the anti-
prism becomes

volume = .

After I finished writing this, I
discovered another formula for the
volume of a regular n-gonal prism at
http://www.literka.addr.com/antipris
ms.htm and will leave it as an exercise
to show that this equivalent to

V = a3 .n
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Send solutions to old problems and any new
ideas to the Geometer's Corner editor: 

Jonathan Choate, Groton School, 
Box 991, Groton, MA 01450.
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1. Blackwell, William. Geometry in
Architecture. 1984. John Wiley and
Sons, Inc. p.129. ISBN # 0-471-09683-0

2. ibid, p.135

3. http://home.att.net/~numericana/
answer/polyhedra.htm#antiprism
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